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Introduction: Two leading aspects

We consider stochastic PDE of the type

dru=A(u|™tu)+ V- (A(x,u)odB:) on T9 x (0,e),
u=up on T9 x {0},
for d > 1, me (0,0),

d n

V- (A(x,u)odB:) = Zzax (A (x U)Odﬁj)

i=1j=1

Two motivating aspects:
© Generation of stochastic flows?
@ Models/applications.
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Generation of stochastic flows by SPDE

@ Motivation: Application of methods from dynamical systems to stochastic dif-
ferential equations (multiplicative ergodic theorem, invariant manifolds, Lya-
punov exponents).

@ Problem: Do solutions to stochastic (partial) differential equations generate
stochastic (semi-)flows?

Stochastic flows for SPDE 5



[CUTEL TSI P TN OPY: Y IS T Il Generation of stochastic flows by SPDE

@ Amap ¢: R, xR, xQxH — H is a stochastic semi-flow if
o(t,s;0)x =@(t,r;0)p(r,s;0)x, Vs<r<t,weQ,xeH. (1)
o Consider SDE

dX{ (@) = fo(X} (@))dt + A (X) o dBe(w) on (s,%) (2)
Xl=x€H,

with B a Brownian motion on (2, .%#,P).

@ Obstacle: X solves (2) for each s, x, P-a.s.: There is a Qg = Qq(s,x) CQ
with P[Q] = 1 such that (2) it true for all @ € Q.

@ Can only expect (1) for P-a.e. ® € Q (possibly depending on s, x).
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o Finite dimensional SDE
o Kolmogorov continuity theorem (e.g. [Kunita, 1980's])
e Alternative: rough path theory [Lyons, 1998]
rough path z = (3, [ Bodp,...)

@

3 Brownian motion _measurable. P-as (w)

dXy = fo(Xp)dt + f1(X¢) 0 dBy

fixed rough path
continuous

dX; = fo(X¢)dt + f1(X:) 0 dzy

P-a.s.
measurable

@ Infinite dimensional SDE
o Kolmogorov continuity theorem does not apply
o Affine linear noise: transformation method (e.g. [Flandoli, 1995])
e Semilinear SPDE

du= Ludt+f(u,Vu)dt+ H(x,u)odp:.

Rough path theory [Gubinelli, Tindel; 2010], [Deya, Gubinelli, Tindel, 2012], [Diehl, Friz;
2012], [Hesse, Neamtu, 2018].

e Stochastic conservation laws: [Lions, Perthame, Souganidis; 2014], [G., Friz; 2014],
[Lions, Perthame, Souganidis; 2015], [G., Souganidis; 2015], [G., Souganidis; 2016], [Deya,
Gubinelli, Hofmanova, Tindel, 2016].

Open Problem: Stochastic flow for
dru=Au+V-(A(x,u)odBy).
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@ Applications

Stochastic flows for SPDE &)



Introduction: Two leading aspects [T

@ Recall: We consider

dru=A(Ju|"tu)+ V- (A(x,u)odB:) on T x (0,c0),
u=up on T9 x {0},

for d >1, me (0,e0).

@ In particular
dru=Au+divf(x,u)+ V- (A(x,u)odBy).

@ Applications:

o Limits of weakly interacting diffusions (mean field games)

e Fluctuating hydrodynamics for zero range process

o Dean-Kawasaki model (passive scalars in turbulent fluid with thermal noise)
o Thin film equations

o Geometric PDE
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Limits of weakly interacting diffusions:
@ Mean field interacting particles, for i € {0,...,L},

i il i i1
dX{ = DH(X{ 7 X 8y) AW +0H (X[ 1 ¥ 8y) 0 dB: for t€ (0,),
J#i J#i
where L > 1, and B;, {W/}L | are independent Brownian motions.

o Informally, from [Lasry, Lions; 2006], the density m of the empirical law of the
solution X; = (X},...,X}) conditioned on B, in the mean field limit L — oo,
satisfies

{ dem =3 A (D*(m)m) +V-(o(x,m)modB) in T? x (0,e),
m=mo on TY x {0},

L

provided the nonlocal nonlinearities 6- — ¢ and Dt — D in approriate sense.
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Fluctuating hydrodynamics for zero range process:

Microscopic picture: Macroscopic picture:
Particles
H
(3

Eﬁgu Evolution of p = E[p.]?

e Hydrodynamic limit of a (symmetric) zero range particle process p¢ — p°
satisfies

AT AT e—
cee
TIIT
Txxx
TETx
Txxx
Taax

atPO = aXX ((D(po)) in Rx (07°°)7

with ® the mean local jump rate. E.g. ®(p)=p|p|™ !
@ Fluctuations about hydrodynamic limit [Ferrari, Presutti, Vares; 1988]: Limit

of £(p®—p°) — p! satisfies
3p” = B (¢ (P)P1) + 9 (v/B(PO) W, ).

o Large deviations: [Dirr, Stamatakis, Zimmer; 2016]
9P = Droe (@ (,/sq> th)
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Main results

@ Introduction: Two leading aspects

© Main results

© Aspects of the proof
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Nonlinear diffusions with nonlinear noise

@ Recall
dru=A(u|™ tu)+ V- (A(x,u)odz:) on T9 x (0,0),
u=up on T9 x {0},
for m € (0,00).
o Obstacles

o Irregularity: shocks, free interfaces
e Non-uniqueness of weak solutions

@ Assumptions:
o Driving noise: For some n>1, a € (0,1),

ze=(2,...z0) e ([0, T 6Ll (R™).
o Regularity of the coefficients: For v > é,
ViA(x,v) € CTF2(TY x R), 9, A(x,v) € CYT2(T? x R).

e No source:
V- At(x,0) =0 € R" foreach x € T9.
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Theorem

Let u},u3 € L2(T9) and u' and u? be entropy solutions. Then

Jut UQHL?([o,w);L}(Td)) < [|ug - "SHL}(T") '

In particular, entropy solutions are unique.

Theorem

Let up € L2(T?). There exists a unique non-negative entropy solution with initial
data ug. Furthermore,

||u||L;°([o,oo);L)1<('1rd)) < ||U0||L}(’[Fd)'

Extensions:
@ For m>2 or m=1, non-negativity of ug can be avoided.

e For m>3or m=1, uy € (L*NL?)(RY) the Cauchy problem can be treated
by identical methods.

e Integrability: Localization allows extension to L!-data.
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Application to fractional Brownian motion:

rough path z = (8, [ BodfB,...)

fixed rough path

P-a.s. continuous
measurable C/ Avu = Aju""u) + V - (A(z,u) o dz¢)
H fractional é?
B8 fractiona Ut (w)
Brownian motion

Theorem

Let t € [0,00) — z;(w) be the sample paths of a fractional Brownian motion with
Hurst parameter H € (%, 1) on a probability space € (Q,.7,P). Then u defines a
random dynamical system on L2 (T9).
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Nonlinear diffusions with nonlinear noise

Theorem
Let ug € L2(T?) and T > 0. Let {z"}%_,,z € CO¢ ([0, Tl; clal (R")) satisfying

lim do(z",2z) =0.

n—oo

Let {u"}5_, and u be the pathwise kinetic solutions to driving signals {z"}5_, and
z respectively. Then,

r!ir; " = ull =0, 77,11 (7)) = O-
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Aspects of the proof

© Aspects of the proof
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Aspects of the proof

Interlude: Kinetic formulation:

o Consider
dru=A(lu|™u) on T9 x (0,c0),
u=up on T9 x {0},

for m € (0,00).
o Kinetic formulation: Let

X(t,X, V) = 1v<u(t,x) —Ly<o-

Then
dex =m &,y div(|u|™ V)

—mdiv(Sy—u(|u|™ 1V 1)) — mV(8y—y)(|u|™ V)
=mdiv(8,—y(|v|" 1V u)) — m(9yBy—y)|u|™ |V u|?

2 m
:m|v\m_1Ax+8\, (m&, u| V|u| +1|2>
:m|v|m71AXx+avq

for some non-negative measure q.

e Application: E.g. optimal regularity in Sobolev spaces [G., JEMS, 2019+].
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Aspects of the proof

o Consider

dru = A(|lu|™u)+ V- (A(x,u)odz;) on T x (0,0),
u=ug on T9 x {0},

for m € (0,00).
o Kinetic formulation: Let

x(t,x,v) = 1v<u(t,x) —1y<o-
Then
dex =m|v|™ P Ay + Vix(0,A(x,v) odz:) — 9, x (Vi-Af(x,v)odz;) +dyq

for some non-negative measure q.

@ Random test-functions (duality method) inspired by stochastic viscosity
solutions.
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@ Recall: Kinetic formulation
Oex =m|v|™ Ay + Vix (9 A(x, v) 0 dzi) — dyx (Vi - Af(x,v) 0 dz;) +duq
o Consider, for each tg,t; € [0,00) and po € C(T9 x R),

atptmt = (aVA(X, V) [e] dZt) . prto,t — (VX . At(X, V) [e] dZt) avpto,t
pto,to = pO'

@ Then .
1
// X (%, v,5)pty,s(x, v)dxdv
R JTd '

s=tp

t
1//d m|v|m71) X(x,v,8)Axpey s(x,v)dxdvds 3)
T

_/t // q(x,&,5)dvpty,s(x, v)dxdvds.

@ This gives a stable form of the SPDE: Say that v is an entropy solution if ¥
satisfies (3).
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Aspects of the proof

@ Recall
atpto,t = (aVA(X, V) [¢] dZt) . prto;t — (VX . At(X, V) [¢] dZt)avpto_’t
pto,to IPO'

o Characteristics:

dYé(;’;/t/_ = (9vA( Y;;:‘;, HX;((‘;/:/t) ?(gztmt %n (07 to),
dnxtd‘.,/t :X—VVX'At(Yto’,n”t(;,t)OdZto,t in (0, ),
(Yig.0:Mg0) = (X, ).

tg,0°

Solve the system of characteristics by rough path methods.
@ Then
ptO-,t(X7 V) = pO (Yi’Xt\ito ’ I_I)t(jttho) .

o Note: spatially homogeneous case (A(x,v) = A(v)) much simpler:

Yt):):‘l/‘ =X+ 3VA(V)Zt0’t in (0, to),
)t((;‘,/t =V in (0,1tp).
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Aspects of the proof

Uniqueness of entropy solutions
@ Aim to estimate the L!-difference

/Td|u1—u2|dx:/R/Ed|x1—x2|2dxdv:/R/Ed|x1|—|—|xz|—2x112dxdv

=// x'sgn(v) + x°sgn(v) —2x' x* dxdv.
R JTd
@ Need to mollify on the right hand side:

/ ‘ul — u2’ dx = lim / xl’g"ssgn‘s(v) +x2’8*55gn5(v) — 2)(1’8’5)(2*8’5.
Td R.JTd

£,6—0

@ Leads to commutator errors when applying the equation.

@ To control errors:

o Exploit new cancellations
e Use (new) regularity estimates on u.

@ Spatially homogeneous case:
dru=A(lu]" tu)+ V- (A(u)odzy).

Translation invariance yields BV-regularity of solutions (if up € BV).
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Aspects of the proof

o Essential new ingredient: Make use of full regularity

T , m
/ /d\Vu7|2dxdt<°°
0 T

which corresponds to singular moment

]
L L Livdateson) <o

@ Note: True only for non-negative solutions.

Existence of entropy solutions

@ New apriori estimates controlling

[[ul

2 .
—< = m+1
LT+1 me+1
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Aspects of the proof
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Happy Birthday, Terry!
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