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Focus: Effective fluctuating continuum models for stochastic gradient descent
with small learning rate, or on overparameterized networks.

Agenda
| Recap: Stochastic Gradient Descent (SGD) and its diffusion approximation

Il Stochastic flow approximation for SGD with small learning rate
joint work with S. Kassing and V. Konarovskyi, 2024, https://arxiv.org/abs/2302.07125

IIl' Stochastic PDEs / stochastic Wasserstein gradient flow
joint work with R. Gvalani and V. Konarovskyi, 2025, https://arxiv.org/abs/2207.05705.


https://arxiv.org/abs/2302.07125
https://arxiv.org/abs/2207.05705

Aim: Minimize a function

R(z) = E.[R(z,£)]-

(£,G,v) is a measure space with finite measure v, L»((=Z,v); R) is separable

R : R x = — R is differentiable in the first component

E.g. empirical risk

R(E) = B[N €) — FOF] = 1 3 (M 6) — 6D = 1 3 R(z.6)

Stochastic gradient descent:

Zya(x) = Zo(x) — nVR(Zo(x), &), n € No,

where Zy(x) = x is the starting value, 7 > 0 is the step-size/learning rate, (£,)nen is
an i.i.d. sequence with £(&1) =v



SGD ~
Zni1(x) = Zo(x) =NV R(Za(x),&n), n € N,
may be interpreted as a perturbed Euler step of length 1 of the ODE
Y: = —VR(Y,).
~ t, = nn "numerical time” of the process

Theorem

Let R be sufficiently regular. Then, there exists a constant C > 0 such that, for every
g € CG(RY),
sup sup_|Eg(Z,(x)) — Eg(Yay(x))| < Cn.

x€RA n:nm<T

But
® Information about (dynamic) fluctuations are lost

® Only first order



[Li, Tai, E; JMLR 2019] Rewrite SGD as
Zy11(x) = Zo(x) = nVR(Zs(x), &), n € No
= Z,(x) = iVR(Z,(x)) + n(VR(Z:(x)) ~ VR(Zo(x), &)
Let

£(z) = E(VR(z.&) - VR(2)) @ (VR(z,&) - VR(2)) = EG(2,&1) ® G(z,&).

G(z,61)

Stochastic modified equation:
dYi(x) = —VR(Y:(x))dt — gV\VR(Yt(x))th + V2 (Ye(x))dWe
Note: Modified drift.

Theorem (Li, Tai, E 2019)

Let R and /2 be regular enough, i.p. £*/? € C}. Then, for every g € C2(RY) and
T > 0, there exists a constant C > 0 such that

sup sup_|E[g(Zn(x))] — Elg(Yam(x))]| < Cr*.

x€Rd mmm<T

Proof: Expansion of the generators and regularity of the semigroups.



Limitations:
® Requires regularity of diffusion coefficients ¥/2 with
¥(2) = E(VR(z.&1) - VR(2)) @ (VR(z,&1) — VR(2))
in
dYi(x) = =VR(Yi(x))dt — gV\VR(Yt(x))Pdt + VT Z(Yi(x)2dW,.
But since T can degenerate, only Lipschitz continuity holds. Even if the
risks R are smooth.

® Dynamical systems approach to the dynamics of SGD, e.g. [Sato, Tsutsui,
Fujiwara; 2022], [Wu, Ma, E; 2018]: Use concepts of attractors, Lyapunov
exponents, stochastic synchronization. E.g. asymptotic global stability,

d(Z(x), Zn(y)) = |Zn(x) = Za(y)| = O

for n — oo, in probability.

Multi-point motions are not matched by SME! Only have
L(Zn(x)) = LY (x))-
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Stochastic gradient descent:

Zoa(x) = Zu(x) = nVR(Zo(x)) + n(VR(Zo(x)) = VR(Zu(x), €0) ).

Replace stochastic modified equation
dY, = —~VR(Y:)dt — gV|VR(Yt)|2dt+ JIEE(Ye)dW, (SME)

by Stochastic modified flow
=VR(Xe(x) = VR(Xt(x),€)
n 2 ’ \
dX, = —VR(X)dt — TVIVRX)Pdt + i | G(Xi(x),§)  W(dg,db),
(SMF)

= —VR(X:)dt — %VWR(Xt)\zdt + D> (G(Xe, ), &), dW)

i=1
where
® W is a cylindrical Wiener process on the space L?(=,v)
® (e)ien is an orthonormal basis of L2(Z,v)

° (Wt(l))tzo, (Wt(2))t20, ... are independent Brownian motions on R.



Multi point motion

Stochastic gradient descent: Z,,1(x) = Zn(x)—1 <VR(zn(x))+vé(zn(x), gn)_VR(zn(x))).

cov(Zi(x), Zi(y)) = E(m(VR(x) = VR(x,&)),n(VR(y) — VR(y,&)))
=1°E((VR(x) — VR(x,&)), (VR(y) — VR(y,&)))
=G(x,€1)
=1’E,(G(x, &), Gy, &1))
=7{((G(x,-), G(y,))w-

Stochastic modified flows: dX:(x) = ... + /7 322, (G(Xe, -), &) dW () Note:

cOV(Xen(x), Xeon(y)) = N E / tz"(z<c<xs(x)7 ), e dW, 3 (G(X(y), ), ) dW )

=038 [ UG, ) e, (G0) ) )

= nE/Ot:n<G(XS(X)7 ')7 G(Xs(y)’ ')>V)ds

~ 772 <G(X7 ')’ G(y7 )>V = 772 COV(Zl(X)’ Zl(y))'



Regularity and multi-point motion

Stochastic gradient descent:

Zoia(x) = Zn(x) = nVR(Zo(x)) + n(VR(Zo(x)) = VR(Zu(x), €0) ).

Stochastic modified flows:

dXe(x) = —VR(X:(x))dt — ZVWR(Xt(x))\zdt + \/ﬁ/ G(Xe(x),6)  W(dE, dt)
= h,—/

=VR(Xe(x))— VR(X(x),€)

Theorem (G., Kassing, Konarovskyi '24)
Assume that Hk(',ﬁ)ncg € L3(Z,v). Then, for every ® € CF(P2(R%)) and T > 0,
there exists a constant C > 0 such that

sup  sup [E[(ko 0 (Z0) H)] — E[®(u0 0 (Xun) 1| < Co.

Ho€P2(RY) mmn<T
In particular, for all g € C(R™),

sup  sup [E[g(Zn(x"), -, Zo(x")] = Elg(Xun(x"), ..., Xoy (X" DI| < .

x1 xmcRd ninn<T

,,,,,
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Shallow ReLU networks

Hidden Layer

Input Layer Output Layer

Shallow neural network with
® input dimension D
® number of hidden neurons M

® ctivation function o : R — R

is given by
parameters argument v 5
-~ 1
N T, e )= ] Z X(D+2)i+D+2 U(Z X+2yi) & F X(D+2)i+D+1)
i=1 =
1 M parameters
~~
=2 v =z L9
i=1
M M
= [ Wtz (e = (v ).
where pM = ﬁ j’\il d is the empirical measure of the parameters.



The square loss is given by

~ 1
R(Z,f) = §|f(§) - NM(Za£)|2'
Going back to the ODE approximation

(2"); = =v(Z"); ")

we get that p = L J.Ail 6z, satisfies

dut' =V (V(n ui‘”)u?/') dt
Draw starting values Zé, Jj € [M], i.i.d. from a distribution 1. Then, expect
. M
i b

with
dpe =V (V(:, pe)pe) dt.



Theorem (Convergence to deterministic PDE; Mei, Montanari, Nguyen '18; Chizat, Bach
'18, Rotskoff, Vanden-Eijnden '18 )

If Z,(0) ~ po — i.id., then
1
d(ut’, pe) = O(—
(Mt /-Lt) (m)
with
dpe = =V (e V(- pe)) dt
or in Lagragian perspective

d

tht(x) = V(e Xe(x))

Xo(x)=x, pe=poo (X)), xeR’ t>0.

But:
® No information on the (dynamic) fluctuations is retained
® Limited order of convergence in n:

(i 10r) = O + 1)



Keep fluctuations? [Rotskoff, Vanden-Eijnden, '18, '22], [Chen, Rotskoff, Bruna,
Vanden-Eijnden '20] Stochastic modified equation:

dZ.(x) = =VR(Z:(x))dt + /7 £?(Z:(x))dW:
= V(Z(x), uM)dt + /1 E(Ze(x), 1) dWs
Get Dean's equation for the empirical density
g 1
dui! ==V - (VCop") ') dt + 50 2 (AC, ") i) dt + 02V - (d M)

with

[w,MM]t—/jw ) © 6(y) : Al y. ul!) ul! (o) i (dly) ds

and
Ay, 1) =Eg[ G(x, 11, ) ® Gy, 11, €)]

6 = (FO) ~ [0 utan) Tw.9) ~ 8 [ (1) = [0 ua)) Vv )|

Difficulties:

¢ Infinite dimensional martingale problem (nonlocal coefficients, degenerate
coercivity)

® Approaching via SPDE: Naive guess leads to taking square root of terms in
quadratic variation — irregular coefficients



Choose process: stochastic modified flow PDE

dpe = =V - (V (-, pe) e )dt + /7' V - /_ G(-, pe, §)pe W(dE, odt)
where A(x, 1) =E, G(x, 1) ® G(x, u).

Well-posedness results for similar SPDEs: “Nonlinear Fokker-Planck equation with com-
mon noise”

Oepu = 075 (a” (£, x, pp) — 0i (b (£, x, pw)pe) — Bi (o™ (t, x, ) pu) AW

® Deterministic continuity equation with irregular coefficients [DiPerna, Lions,
Ambrosio, Trevisan, Crippa...]. There A= G =0.

® Particle representations for a class of nonlinear SPDEs [Kurtz, Xiong "99], with
initial condition po having L>-density.

® Stochastic nonlinear Fokker-Planck equation [Coghi, G. '19]. Duality method,
Backward SPDEs & their regularity theory, Sobolev embeddings.

e . this work ...

® Stochastic nonlinear Fokker-Planck equation [Bugini, Friz, Stannat, '25]. Duality
method, Backward SPDEs & their regularity theory via rough paths.



Theorem (Well—posedness and superposition principle, G., Gvalani , Konarovskyi 25)

Let the coefficients V', G be Lipschitz continuous and smooth enough w.r.t. spatial
variable. Then the SMF PDE

e = = (V{p, ) de = /77 [ G-, E)ue W, oot
has a unique solution.Moreover, . is a superposition solution, i.e.,

Mt = o oXtil(')v t 2 Oa

where X solves

dXe(x) = Ve, Xe(x))dt + /17 / G (pe, Xe(x), E)W(dE, dt),

Xo(x) =%, pe=poo(Xe)™!, xeR’ t>0.

Aim: Further relax regularity assumptions on the coefficients.



Comments on the proof:

® Show well-posedness of the Lagrangian system

(o) = Vo, X))t + 7 [ 6o, (), OWIde, ).

Xo(x)=x, pe=poo(X:) ", xeR’ t>0.

® Hence: Have uniqueness iff every solution a superposition solution

® Freeze the measure coefficient
=:V(-,t) =:G(-,t)

dpe = =V - (V(-, pe) e )dt + /7' V - /_ G(-, e, €) e W(dE, odt).

Then transform away the (linear) transport noise.

Then apply superposition principle on the random PDE: l.e. can write

pe = po o (Xe)7h.



How about the rate of convergence in 77 Need to include the bias correction /
modification of the drift. Lagrangian system becomes

dX:(x) = fVR(,ut,Xf(x))dtf%,V\VR(pt,Xt(x))\zdt

4 N

Lions’ derivative

_n < D VR(,ut,Xt(x))|2.,ut> dt

+ i / G pe, Xe(x), E)W(dE, dt),

Xo(x) =x, pe=poo(Xe)™!, xeR’ t>0.

Theorem (G., Kassing, Konarovskyi 24)

Let pio € P2(R?), and pg' = & >ty 04, where Zb, j € [M], are i.i.d. random variables
]

with distribution ji. Assume that [W(-,€)llcs + |f(€)] € L*(Z,v). Then, for every

® € CH(P2(R?)) there exists a constant C > 0 independent of ' and M such that
sup _|E® () — E®(un)| < C(0)* + C/EWE (1o, 1g) (1)

ninn! <T

for all ' > 0 and M € N.
Proof: Matching generators, but now for diffusions on the space of measures.



Higher order approximation?

Theorem (Quantified Central Limit Theorem for SMFE, G., Gvalani, Konarovskyi 25)

Let 1} be the solution to the martingale problem. Assume limn~*M™(n) < co.
Then, N} := /i (uf — p?) — N¢ where N, is a Gaussian process solving

dN; = -V - (\7(#?7 IN: + (DV (g, ), Nt>u?(d><)) dt —V - /_ G(ug, s W(dE, dt).

Moreover,
WE(L(N"), L(N)) < n.

E
Remark. [Sirignano, Spiliopoulos, '20] Let V;VI M= ﬁ E,IZI dx:(me)- For

fluctuation field N" = \/(vy" ™ — 12) have

E sup |N/|2,<C and N"— N.
te[0,T]
We get
1
i =+ M7YPN+ oM7Y
1
V:VI’M - H(t) + M71/2N+0(M71/2),
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